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Week 2: Random Variables, Expectation




SyHabus

ening -

9/24 Motivation, R, Descriptive Stats, Basic Probability 1.1-7,10.3-5 Li Ma

[0/] ( Discrete/Continuous RVs, Expectation, ID Summary Stats ) 2.1-3,4.1-2,10.1-2 HW?2 Wai

10/8 Functions of RVs, Bivariate RVs, Covariance, 2D Summary Stats 3.1-4,4.3,10.6-8 HW3 Li Jin

[0/15 Bayes’ Rule, Conditional Expectation, Random Vectors 3.5-7,4.4,14.4.1 HW4 Li in

10/22 Law of Large Numbers, Central Limit Theorem,

Sampling Distributions e k] Sh aojie

10/29 Confidence Intervals, Power, W= L

Hypothesis Testing, Midterm Review : 1 il oSG Feng

| 1/5 Estimation, IRV (Maximum Likelihood & Bayesian) : HWé Li Ma
[1/]2 Estimation, 2RVs (Linear Regression & MAP Classification) : HW7 Wai

11/19 THANKSGIVING

| 1/26 Real Data: Categorical Data & Deviations from Normality 9.7-9,13.1-4 HWS8

|2/3 Real Data: Computer Intensive Methods, Final Review 14.6-7 HW?9

Final 12/14

[2/10 FINALS WEEK 8:30-1 1:30am




- Announcement

HW2: Due 10/6

(Long and challenging, so start now)
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Getting Started:

* R is a free software envi for statistical ing and graphics. It compiles and runs on a wide variety of

UNIX platforms, Windows and MacOS. To download R, please choose your preferred CRAN mirror.

Misc « If you have questions about R like how to download and install the software, or what the license terms are, please
Bioconductor read our answers to fi Iy asked ions before you send an email.
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http://www.r-project.org
http://www.r-project.org

e R Intro
e Descriptive Statistics
e Sets & Counting

e Probability as Set Function 5
n(n —1)aaa(n — k) 3

The first axiom of probability

ﬁﬂ' 0 NORTON

You do not talk about Probability!




_ Last Week
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e R Intro

e Descriptive Statistics .
e Sets & Counting

e Probability as Set Function

n(n —1)ada(n — k)

The Axioms of Probahilit y

e Al A, =" #
Pidil 0 P i

1=1 1=1

P() = 1

Sum to unity nonnegativity additivity




[ )
OU ntl n & etS AA AB AC AD N aa AB Ac ap| Combination
Multiplication

with BA BB BC BD BB BC BD (w/ rep]ace)
R ctead |CA cB cc cb| n*=42=16 cc ¢D

e Counting summary on s 5¢ 50 ) (")
® Se-ts: Size, prOdUC_t’ Permutation Combination

AB AC AD
without BA BC BD nn—1)---(n—k+1) ( n ) n!
(

Ower‘ replacement CA CB CD = 4(3) = 12 k) (n—k)k!
DA DB DC 4!

= =60
(a-2y2 "

X :0) =R

Random Variables P .9 R

e Definrtion _
e Examples X = # of ballsin lag urn

P (X = jdias




Counting

How many ways to choose
k objects from n!?

with
replacement

without
replacement

AA AB AC AD
BA BB BC BD
CACBCCCD
DA DB DC DD

AB AC AD
BA BC BD
CACBCD
DA DB DC

Multip lication
n“ =42 =16

Permutation

nin! 1)agaan! k+1)
=4(3) =12

AA AB AC AD
BB BC BD
CCCD
DD

Combinati on
(w/ replace

e

AB AC AD
BC BD
CD

Combination

n \ _ n!
(k)_ (n — k)!k!

4! 202

6




Size of a Set

We will need several more set definitions

(0 ={A,B,C,D}

First: size of a set
! | = sizeof Omega= 4




 Cartesian Product

The product of sets will also be useful...

0 ={A, B,C,D}

{AA AB, AC, AD
BA, BB, BC, BD
CA OB.C0 0D
DA, DB, DC, DD}

N

Wh)’doweca”it “ ><!|:|!|><|!‘:4><4: 1€
the product!




Power Set

O={A,B,C,D}
Ok, so we have a

set product... {AA, AB, AC,AD
! % | s BA,BB,BC,BD

CA,CB,CC,CD

DA, DB, DC, DD}

What about a QQ )
set power? '




Power Set

The power set is the set of all subsets
(0 ={A, B,C,D)

2 = {{A,B,C,D)},
{A,B,C},{A,B,D} {A,C,D},{B,C, D},
(A, B}, {A,C},{A, D}, B, C}, 1B, D}, G, Dy,
1A}, B} AC)H D],
Uy

Why do we call it the power set!? 2 |=2" =2 & I8




[ )
OU ntl n & etS AA AB AC AD N aa AB Ac ap| Combination
Multiplication

with BA BB BC BD BB BC BD (w/ rep]ace)
R ctead |CA cB cc cb| n*=42=16 cc ¢D

e Counting summary on s 5¢ 50 ) (")
® Se-ts: Size, prOdUC_t’ Permutation Combination

AB AC AD
without BA BC BD nn—1)---(n—k+1) ( n ) n!
(

Ower‘ replacement CA CB CD = 4(3) = 12 k) (n—k)k!
DA DB DC 4!

= =06
(a-2y2 "

X :Q—-R
(Random Variables) P -9 R

e Definrtion _
e Examples X = # of ballsin lag urn

P (= jdias




L. Random Variables T8

A random variable is a function
which maps simple events to real numbers

X: 1T R

) T

[t must also satisty a A = {w|X(w) < a,a € R}
technical condrtion

(we wil come back to this) e LA




- Example: 2 Coin Flips =
| = {hh) or{ht}
or {th} or {tt}

elements are
simple events

— {hh, ht, th, tt}

sample space

X ({hh})
= number of heads X({ht}) = X({th})

after 2 flips X( {tt})

random variable random variable
maps elements to reals




the abstraction?

Definitions allow generalization...

e Fasy w/ finite sample spaces.. | = {hh, ht, th, tt }

(outcomes of 2 flips)

* What about flipping till | = {h,th,tth,ttth,...}
first head? countably inbnite

* What about position of e [O, 1]
a particle in a |-meter box!

uncountably infinite!




2 RV vs. Probabili

Random Variable AR T R
* element function X({hh}) = 2

* defined for simple events only

(num heads)

P .9

Probability
* set function R 0
e defined for all events P({hh,tt}) 1/2

P ({hh}) 1/ 4

(fair coin)




RV Indicators

RVs allow systematic prob. calculations

Example:
Indicator RV X

X is now an
indicator for
the event A




(Rice 1.18) A lot of n items contains kK defectives, and m are selected randomly
and inspected. How should the value of m be chosen so that the probability that
at least one defective item turns up is .907 Calculate your answer explicitly for:
i. n =1000,k =10
ii. n = 10000,k =100

This calculation is easier w/ RVs...

R0 — 1w

Let X = num defectives in selection

P(X = 0|m

Range:0! X! m

It only one item is selected randomly (m=1),
then we can have X=0 or X=| defectives.
VWe get one defective w/ prob. k/N.




(Rice 1.18) A lot of n items contains kK defectives, and m are selected randomly
and inspected. How should the value of m be chosen so that the probability that
at least one defective item turns up is .907 Calculate your answer explicitly for:
i. n =1000,k =10
ii. n = 10000,k =100

Given the base case, generalize...

P(X =0|m = 2)

Let X = num defectives in selection ;

2

P (X =O|m):- 1

Range:0! X! m

We cannow PX =0m)=f(m)! .1
solve for m " P(X # 1lm) # .9
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O u ntl ng & ets AA AB AC AD Combination

: Multiplication
with BA BB BC BD

(w/ replace)
elEtecllsild  (CA CB CC CD n* =42 =16

e Counting summary on s 5¢ 50 e
® Se-ts: Size, prOdUC_t’ Permutation Combination

AB AC AD
without BA BC BD nn—1)---(n—k+1) ( n ) n!
(

Ower‘ replacement CA CB CD = 4(3) = 12 k) (n—k)k!
DA DB DC 4!

= =06
(a-2y2 "

X :0) =R

Random Variables P .9 R

e Definrtion _
e Examples X = # of ballsin lag urn

P(X = k) =7




